Motivated by the recent DELPHI report on the anomalous photon production in e + e − annihilation, we exactly calculate the inclusive cross section of soft photons in the strong coupling limit of N = 4 super Yang-Mills. We find that the energy distribution is that of the Bremsstrahlung, while the angular distribution is spherical. Our result elucidates a new non-perturbative source of soft photons not associated with the final state hadronic Bremsstrahlung.
Introduction
Conventional wisdom says that the production of very low energy photons in hadronic collisions can be entirely understood by the Bremsstrahlung from structureless charged particles in the initial and final states [1, 2] . The argument is simple, but strong-soft photons with energy or transverse momentum less than a few hundred MeV cannot resolve short distance processes occurring at the QCD scale and beyond. Historically, however, this simple expectation has rarely been borne out for very low-p T ( 100 MeV) photons in modern high energy experiments once the collision energy exceeds several tens of GeV. In 1984, the WA27 Collaboration at CERN observed a clear excess of soft photons with p T < 60 MeV over the Bremsstrahlung prediction in K + p collisions at 70 GeV [3] . Subsequently, similar observations were reported in various hadronic reactions such as π ± p and pp collisions [4, 5, 6, 7, 8] . It was gradually recognized that the resolution of this puzzle was quite challenging. A number of theoretical ideas have been proposed trying to pin down the origin of the anomalous photons [9, 10, 11, 12, 13] . Some of these models met with partial success, but to date no model has been able to give a consistent description of the events as a whole. The deeper problem is that generally accepted theories of soft photon production beyond the QED Bremsstrahlung are nonexistent, and in this sense we do not understand the puzzle at present any more than we did back in the 80's.
1
The problem recently resurfaced with greater seriousness when the DELPHI Collaboration at CERN presented thorough and very precise analyses of the associated photon 1 The situation is better for hard ('prompt') photons where perturbative QCD can give a good description of the data in most cases. See, e.g., [14] and references therein.
production in e + e − annihilation into hadrons [15, 16] . After subtracting the hadronic decay contributions, the number of soft photons was found to be larger than the theoretical expectation by a factor of about 4. On the other hand, photon yields from e + e − annihilation into µ + µ − pairs do agree with theory [17] , so the anomaly has uniquely to do with the strong interaction. Curiously, however, the shape of the distribution is consistent with the Bremsstrahlung [7] , namely,
where k = | k| is the photon energy. The data show that the emission from hadrons in the final state contributes to only a fraction of the normalization factor A. One then naturally asks whether the Bremsstrahlung, or whatever production mechanisms that lead to the 1/k spectrum, in the non-confining phase can account for the rest. Implicit in this question is the assumption that hadronization takes a long time so that, after all, the experimental 'soft' photons are not soft enough. As a matter of fact, this stance has been more or less the common denominator underlying the previous theoretical attempts.
[For a recent work, see [18] .] The difficulty then, of course, is that the problem is clearly non-perturbative, albeit non-confining, so first principle calculations are impractical.
The situation may change, however, with the advent of the AdS/CFT correspondence, or more generally, gauge/string duality [19] . At least in a class of non-Abelian gauge theories closely related to QCD, it has now become possible to do exact non-perturbative calculations by investigating the dual string theory in a curved space-time. The bestknown example is N = 4 supersymmetric Yang-Mills (SYM) theory which is dual to type IIB superstring theory on AdS 5 × S 5 . Since this theory is non-confining, its strong coupling regime could serve as an insightful model of the pre-hadronization stage in high energy processes. Based on this expectation, in the present work we calculate the inclusive photon cross section in e + e − annihilation in strongly coupled N = 4 SYM.
Previously, several authors have studied hadron production in e + e − annihilation from gauge/string duality [20, 21, 22, 23, 24, 25, 26, 27] . In particular, the energy distribution of hadrons was shown to be exponential ('thermal') [23, 24] 
where the parameter Λ ('temperature') is proportional to the confinement scale of the theory. Because photons do not belong to the particle content of N = 4 SYM (just like photons are external particles to QCD), their distribution is expected to be different from (1.2). Indeed, we shall find in Section 3 that the distribution in the k → 0 limit has precisely the form (1.1) whose coefficient A is exactly calculable. We regard this as a novel source of soft photons not associated with the hadronic Bremsstrahlung, and thereby suggest an interesting avenue toward understanding the soft photon problem within gauge/string duality.
Preliminaries
In this section, we first set up our notations and formulate the problem in N = 4 SYM. We then collect necessary ingredients for the actual calculation from the type IIB supergravity.
Field theory side
Consider e + e − annihilation at the center-of-mass energy √ s = Q. The inclusive cross section of photons with the four-momenta k µ = (k, k) is given by the standard formula
where p µ = (Q/2, 0, 0, Q/2), p ′µ = (Q/2, 0, 0, −Q/2) and q µ = (Q, 0, 0, 0) are the fourmomenta of the electron, the positron and the virtual photon, respectively. J µ is the electromagnetic current operator and the sum is over the photon polarizations ε i=1,2 k . The symbols T andT denote the time-ordering and anti-time-ordering products, respectively. It is convenient to rewrite the matrix element using the closed-time-path (CTP) formalism [28, 29] 
where T C denotes the contour-ordering product. The subscripts (1) and (2) on J indicate that the operator lives on the forward and backward branches of the closed time path, respectively.
The goal of this paper is to evaluate (2.4) in the soft photon region k ≪ Q in strongly coupled N = 4 SYM using the AdS/CFT correspondence. In this theory, the analog of the electromagnetic current J in QCD would be a component of the R-current operator J a (1 ≤ a ≤ 15) associated with a U(1) subgroup of the SU(4) R-symmetry. The component 2 Our metric convention is η µν = diag(−1, 1, 1, 1). J 3 corresponding to the generator 3 t 3 = diag(1/2, −1/2, 0, 0) is composed of two (out of four) species of Weyl fermions and two (out of three) species of complex scalars of N = 4 SYM
It is known that in N = 4 SYM the two-and three-point functions of the R-current operators are subject to non-renormalization theorems and are therefore independent of the 't Hooft coupling [30] . However, this does not apply (to our knowledge) to the fourpoint functions. In Appendix A, we calculate the cross section (2.4) in N = 4 SYM at vanishing coupling, namely, in the 'parton model'. The result is indeed different from the one at strong coupling to be presented in the next section.
Before moving on to the gravity description, a comment is in order regarding the normalization of the cross section. In N = 4 SYM, the fields are in the adjoint representation of the color group. Accordingly, (2.4) will be proportional to N 2 c , whereas in QCD it is proportional to N c . In order to alleviate this difference, we find it convenient to divide (2.4) by the total cross section σ tot of e + e − annihilation which also scales as N 2 c . Since the latter is proportional to the two-point correlation function of J's, it can be exactly evaluated to be
Thus we shall present the results in the form of the photon yield
which is independent of N c . Actually, the quantity which directly comes out of the AdS/CFT calculation is
where ε µ q is the virtual photon polarization vector, and the polarization sum is only over ε k . So our strategy to compute (2.7) will be to first evaluate (2.8), then factor out the polarization vectors ε * qµ ε qµ ′ , and finally contract the remainder with the leptonic tensor. 3 We employ the standard normalization of the generators tr(t a t b ) = 1 2 δ ab .
Gravity side
In the Poincaré coordinates, the metric of AdS 5 takes the form
where we use the notation x m = (x µ , z). According to the AdS/CFT correspondence, the strong 't Hooft coupling limit of N = 4 SYM is dual to the type IIB supergravity on AdS 5 . The part of the supergravity action which will be relevant in this paper involves the graviton g mn , the dilaton φ and the SO (6) 
The action in the Einstein metric reads
where
The last term is the Chern-Simons term whose normalization has been determined in [30] . It is proportional to the totally symmetric d-
The current operator J This obeys the five-dimensional Maxwell equation supplemented by a gauge condition which we take to be
(We suppress the SU(4) superscripts when unnecessary.) The solutions are, for the outgoing lightlike photon with k µ k µ = 0, 12) and for the incoming timelike photon with
We have kept ε q to be generic, while required ε k to be the physical polarization ε k · k = 0. The components of the field strength tensor are
14)
where we Fourier-transformed to the momentum space in the flat 3+1 directions.
Four-point correlation function
The four-point function of the R-current operator in N = 4 SYM has been previously studied both at weak coupling [31] and strong coupling [32, 33, 34, 35] . [Real photon production has been studied in [36, 37, 38] in different contexts.] At strong coupling, the correlation function is given by the sum of diagrams like shown in Fig. 1 where various supergravity modes are exchanged between the bulk A 3 fields (2.12) and (2.13). The modes which have a three-point vertex with two A 3 's are the graviton, the gauge boson and the dilaton, as can be seen from the action (2.10). It turns out that these three modes are equally important for the soft photon production. This is in contrast to the typical high energy limit where one needs to consider only one component of the graviton propagator G mn,m ′ n ′ = G ++,−− exchanged in the t-channel. [The signs ± refer to the light-cone coordinates.] Our process of interest is considerably more involved because, as we shall see, it requires all components of the graviton, the gauge boson and the scalar propagators. Another complication is that, instead of the familiar time-ordered product, (2.8) features the contour-ordered product which involves the doubling of the field degrees of freedom. This means that one has to evaluate all possible diagrams in which the three-point vertices are labeled as either (1) or (2). Fortunately, the kinematics of the problem allows only the diagrams of the type Fig. 1(a) to be non-vanishing. We thus focus on this diagram and calculate the three types of exchanges one by one.
Graviton exchange
The graviton exchange contribution to (2.8) can be evaluated as G (21) is the cut (Wightman) propagator of the graviton connecting vertices on different time branches. In order to obtain this, let us first consider the time-ordered propagator of the graviton
where we omitted gauge artifacts. u is the chordal distance 17) and H(u) is given as [40] H
In the above, G and G 3 are the scalar propagators in AdS 5 with mass squared m 2 = 0 and m 2 = −3, respectively.
For the present purpose, the solutions are most conveniently expressed as
Indeed, in this representation one recognizes the familiar four-dimensional Minkowski propagator. From this, the cut propagator G (21) can be obtained by a simple replacement [41] 
The presence of the theta function in cut propagators guarantees that, for instance, the diagram (b) of Fig. 1 vanishes because the intermediate energy is negative −(q 0 + k 0 ) < 0. Similarly, cutting the bulk-to-boundary propagators gives the theta functions θ(±q 0 ) and θ(±k 0 ). Using these constraints, one can check that all the diagrams except for Fig. 1 (a) vanish.
Returning to (3.15), the 'energy momentum tensor' is given by
where F mn is as in (2.14). Explicitly,
We now decompose the full amplitude as 
The H term in (3.26) does not contribute because η µν T µν = 0. The tensor part becomes, using (3.23)
where the summation over the photon polarizations ε (i=1,2) k has been done according to the identity
where n µ ≡ (1, 0, 0, 0). In practice, the following simpler substitutions suffice
Integration over z and z ′ can be done
where we assumed Q > ω, consistently with the delta function constraint ω 2 = Q 2 − 2Qk. We also have to require that Q → √ Q 2 + iǫ has a positive imaginary part in order for (3.31) to be well-defined. This is indeed the case because the Hankel function of the first kind comes from the bulk-to-boundary Feynman propagator G (11) . We shall encounter integrals similar to (3.31) frequently in the following, so we collected the relevant formulae in Appendix B. The ω integral gives
where, for the sake of later discussion, we keep the leading and the next-to-leading order terms in the expansion in powers of k/Q. We thus get
As explained at the end of Section 2.1, we now remove the factor ε * µ q ε µ ′ q and contract with the leptonic tensor
In this way we find the contribution from this particular tensor component of the graviton exchange
Note that the leading term has the same k dependence as the Bremsstrahlung spectrum (1.1).
Next, let us consider I 2,3,4 . After some cancelations, the sum becomes, in the coordinate space,
Upon Fourier transforming to the momentum space, x−x ′ may be replaced by a derivative acting on the delta function in G (21) and G
3 .
[Note that the chordal distance u in the second line contains (x − x ′ ) 2 , see (3.17) .] An inspection of the flow of momenta instructs us to replace
[The sign is not important here, but it will be important in later calculations.] We then convert the q µ derivative into a ω 2 derivative and do partial integrations. In effect, this amounts to replacing
For a technical reason, in the rest of this subsection we assume that ε q · q = 0. This considerably simplifies the manipulation below. The price to pay however is that the gauge invariance of the result is not manifest. To remedy this, we have independently performed the calculation with ε q · q = 0 using the algebraic calculation system FORM [42] , and confirmed that the following results are gauge invariant.
After straightforward, but tedious calculations using (3.30), (3.38), (B.1) and (B.2), the first line on the right hand side of (3.36) becomes
where the factor of 2 in front is the contribution from the complex conjugate. Here again, we have kept the leading and the next-to-leading terms in the k → 0 limit. Note the appearance of a logarithmic factor. This is reminiscent of what happens in weak coupling calculations in Appendix A, but unlike in the latter case, here the photon energy k (instead of the parton mass m which is zero) makes the logarithm finite. Similarly, the second line of (3.36) becomes, using (B.3) and (B.4),
O(k/Q) terms accidentally vanishes for this contribution.
We now move on to the next term
After summing over ε i=1,2 k
, it takes the form
Integrating over z, z ′ , ω using (3.38), (B.4) and (B.5), we obtain
Finally, I 6 + I 7 + I 8 + I 9 becomes
This is the most formidable term which, in the momentum space, involves the third derivative of the delta function. After very tedious calculations using (B.1), (B.2), (B.4) and (B.5), and integrating by parts three times, we arrive at
Assembling all the contributions, we obtain
Note that the logarithms have disappeared both in the leading and the next-to-leading terms. Contraction with the leptonic tensor gives
We finally arrive at the total contribution from the graviton exchange diagram
Gauge boson exchange
Next we consider the gauge boson exchange. The ordinary three-point coupling from the Yang-Mills action does not contribute because it is proportional to f abc and we have a = b = 3 in the external states. However, the anomalous coupling from the Chern-Simons term gives a nonvanishing contribution 48) where the gauge boson propagator in the coordinate space is [39]
up to gauge artifacts. The cut propagator G (21) rr ′ can be obtained in the same way as before. The gauge boson exchange from the Chern-Simons coupling was previously considered in [43, 33] in the high energy limit where only one component of the propagator G rr ′ = G +− was necessary. Here, however, all the components of G rr ′ will be important. The group factor in (3.48) is, using t 3 = diag(1/2, −1/2, 0, 0), As before, we decompose the amplitude as
where this time z,z ′ ≡ pol dz dz ′ . The integrals over z, z ′ and ω 2 are simpler than in the graviton case, while the tensor part is quite complicated. We have used FORM for the latter and obtained
(3.52)
Summing the three contributions, we get the total gauge boson contribution
(3.53)
Dilaton exchange
Finally, the dilaton exchange amplitude following from the action (2.10) is
By now it is easy to evaluate this. The result is
so that the contribution from the dilaton is
(3.56)
The inclusive photon cross section
The sum of (3.47), (3.53) and (3.56) is k dN
Remarkably, the angular dependence has dropped out in the leading term dN/dk ∼ 1/k, so the photon distribution in the k → 0 limit is spherical.
Discussions
One can take the view that the spherical distribution (3.57) is quite reasonable because in this theory the integrated energy distribution in the final state of e + e − annihilation is known to be exactly spherical [44] . [See, also, [45, 22] .] Nevertheless, the result is still nontrivial, even striking given that we have added dozens of terms from all the tensor components of the graviton, the gauge boson and the dilaton exchanges. None of the individual contributions are spherical, yet they miraculously sum up with just the right proportions to generate a spherical distribution. To better appreciate the non-triviality, we note that the result of [44] can be entirely understood as being mediated by the graviton [46] . This is not the case here-the gauge bosons and the dilaton exchanges are as important as the graviton contribution. Moreover, as (3.57) also shows, the next-toleading contribution is not spherical, so the sphericity of the leading term does not seem to follow immediately from some symmetry argument. Interestingly, the same thing happens in the weak (actually, zero) coupling calculation in Appendix A, namely, the distribution is not spherical in general, but it is so for the leading term (A.5). Why only the leading term is spherical both at weak and strong coupling is puzzling and deserves further study.
Note that the collinear singularity in the weak coupling result (A.5) has disappeared in the strong coupling result (3.57) which is perfectly finite. In fact, the absence of the collinear singularity at strong coupling has been recurrently observed in the literature [47, 44, 22, 23, 46, 25] . Our analysis provides another explicit confirmation of this phenomenon.
Conclusions
In this paper, we have demonstrated a novel mechanism of soft photon production that is genuinely non-perturbative but fully under analytical control. Since these photons follow the ∼ 1/k distribution which is indistinguishable from the usual Bremsstrahlung, they could be the origin of the 'anomalous' photons observed in the previous experiments. Of course, the distribution in QCD is not spherical-the data show that the photon excess is primarily seen in the forward (low-p T ) region. However, the spherical distribution is most likely an artifact of N = 4 SYM, and will be lost under any attempt to deform the supergravity description in the spirit of AdS/QCD. On the other hand, our analysis suggests that the 1/k dependence presumably survives even when the sphericity is lost. Therefore, it would be very interesting to carry out similar calculations in AdS/QCD models. We anticipate that this is not going to be an easy task, but requires many inputs from the details of the collision before any comparison with the real data is possible. Nevertheless, given that the soft photon problem shows little sign of being resolved after more than 20 years since its discovery, approaches based on gauge/string duality are certainly worth a try. (see (2.5)). The parton mass m is strictly zero in this theory, but we have included it in order to make the logarithm finite. The divergence in the limit m → 0 is of course due to the collinear singularity, and one recognizes the usual splitting function in its prefactor. Note that the longitudinal structure function is nonzero even in the parton model. Now consider the bosonic contribution γ * → φφ † γ. In addition to the diagrams similar to the fermionic case, there is an extra diagram which involves a four-point contact interaction. After straightforward calculations, one gets where the factor of 2 in front is because there are two complex scalars φ 1,2 . Contrary to the fermionic case, the logarithm appears in the longitudinal structure function. Summing (A.2) and (A.3) and substituting the result into (A.1), one finds that the distribution is not spherical in general. However, the leading logarithmic term in the soft limit x → 0 is spherical k dσ Dividing by the total cross section (2.6), one finds k dN 5) which may be compared with the result at strong coupling (3.57).
B Integral formulae
Here we list the relevant integrals that appear in the intermediate calculations. It is assumed that ω < Q, and Q has an infinitesimally small positive imaginary part.
